We investigate the upper limit of the gravitational radiation released upon the collision of two dilatonic black holes by analyzing the Gauss-Bonnet term. Dilatonic black holes have a dilaton hair coupled with this term. Using the laws of thermodynamics, the upper limit of the radiation is obtained, which reflected the effects of the dilaton hair. The amount of radiation released is greater than that emitted by a Schwarzschild black hole due to the contribution from the dilaton hair. In the collision, most of the dilaton hair can be released through radiation, where the energy radiated by the dilaton hair is maximized when the horizon of one black hole is minimized for a fixed second black hole.
Introduction
Gravitational waves have been detected by the Laser Interferometer Gravitational-Wave Observatory (LIGO) [1] [2] [3] . The sources of the waves have been the mergers of binary black holes in which the masses of the black holes have been more than 10 times the mass of the sun. The binary system that caused GW150914 consisted of black holes with masses of approximately 36M ⊙ and 29M ⊙ in the source frame [1] . The recently detected gravitational wave, GW151226, was generated by a binary black hole merger involving two black holes with masses of 14.2M ⊙ and 7.5M ⊙ [2] . The detections of these waves have proven that there are many black holes in our universe and that collisions between them may be frequent events.
For an asymptotic observer, a black hole in the Einstein-Maxwell theory can be distinguished by its conserved quantities: mass, angular momentum, and electric charge [4] [5] [6] . This concept is known as the no-hair theorem, in which charges cannot be observed outside of the event horizon of a black hole. In the theory in which gravity is coupled with Maxwell and antisymmetric tensor fields, the dilaton hair concept was first introduced in association with string theory [7] [8] [9] . Since then, many kinds of hairs have been described in different gravity theories, such as those involving Maxwell and Yang-Mills fields [10] [11] [12] [13] [14] [15] [16] [17] [18] . One of them is dilaton gravity theory, which includes the Gauss-Bonnet term [19] [20] [21] [22] [23] , a curvature-squared term given in the effective field theory of a heterotic string theory [24] [25] [26] and topological in four dimensions, so that the equations of motion are the same as in Einstein gravity when the dilaton field is turned off [19, 24] . In dilaton gravity theory, the black hole solution has a dilaton field outside the black hole horizon [27] [28] [29] [30] [31] , and thus, dilaton hairs are an exception to the no-hair theorem. Because dilaton hairs originate from the masses of black holes, dilaton hairs are secondary hairs that grow from the primary hairs of black holes [32, 33] . The presence of a dilaton hair changes the physical properties of the corresponding black hole, such as its stability and thermodynamics, which have been studied in various black holes coupled with dilaton fields and Gauss-Bonnet terms [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] .
As a counterexample to the no-hair theorem, a dilatonic black hole should be stable in our universe. The stability of a dilatonic black hole can be tested and identified based on the specific range in which the mass lies. The solution for a dilatonic black hole is convergent with that for a Schwarzschild black hole in the large mass limit. Thus, its stability is also similar to that of a Schwarzschild black hole in the same range. When the mass is low, its behavior is different. A dilatonic black hole becomes unstable below a certain mass known as the critical mass. Thus, a dilatonic black hole must possess a certain minimum mass to be stable. In addition, at its critical mass, the black hole possesses minimum entropy and thus can be related to the cosmological remnant [29, 30, 44, 45] . On the other hand, the solution includes a naked singularity that is not allowed under the cosmic censorship conjecture [46] . The cosmic censorship conjecture for black holes prevents naked singularities, so black holes should have horizons. Kerr black holes were first investigated with reference to the abovementioned conjecture by the inclusion of a particle [47] , and many black holes have subsequently been studied in a similar manner .
Classically, a black hole cannot emit particles, so its mass is nondecreasing. However, a black hole can radiate particles via the quantum mechanical effect, and its temperature can be defined in terms of the emitted radiation. The Hawking temperature is proportional to the surface gravity of a black hole [71, 72] . The horizon areas of black holes can only increase via physical processes, which is similar to the behavior of entropy in a thermal system. Using this similarity, the entropy of a black hole, called Bekenstein-Hawking entropy, is defined as being proportional to its horizon area [73, 74] . Then, a black hole can be defined as a thermal system in terms of its Hawking temperature and Bekenstein-Hawking entropy. The nonperturbed stability can be tested based on the thermodynamics of the black hole and can be described by a heat capacity. However, a dilatonic black hole is thermally unstable, as its heat capacity is negative, but at the same time, its Hawking temperature has a finite value [30] , which is similar to that of a Schwarzschild black hole. One of other tests for nonperturbed stability is the fragmentation instability of black holes. The fragmentation instability is based on the entropy preference, so a black hole near an extremal bound decays into fragmented black holes that are thermally stable and have greater entropy than a single black hole system. For example, a Myers-Perry (MP) black hole is defined in higher dimensions, and its angular momentum has no upper bound over five dimensions [75] . Then, an MP black hole becomes unstable when the large angular momentum is sufficiently large due to its centrifugal force. Thermally, the entropy of one extremal MP black hole is less than that of fragmented MP black holes, so an MP black hole breaks into multiple MP black holes [76] . The fragmentation instability gives similar results for perturbation [77] [78] [79] [80] [81] [82] [83] . This kind of instability can also be obtained in rotating or charged anti-de Sitter (AdS) black holes [84, 85] . A dilatonic black hole with a Gauss-Bonnet term also has a complicated phase diagram related to fragmentation instability [86] .
The gravitational radiation released when two black holes collide can be described thermodynamically. The sum of the entropies of the separate black holes in the initial state should be less than the entropy of the final black hole after the collision [87] . Using the second law of thermodynamics, the minimum mass of the final black hole can be obtained based on the initial conditions. Thus, the difference between the initial and final masses is the mass released in the form of gravitational radiation. For Kerr black holes, the gravitational radiation depends on the alignments of their rotation axes [88] [89] [90] [91] . The dependency also exists for MP black hole collisions [92] . Many types of interaction energy can be released in the form of radiation upon collision. One of these types of interaction energy is that of the spin interaction between the black holes. If one of the initial black holes is infinitesimally small, the potential energy of the spin interaction is identical to the radiation energy obtained using thermodynamics in Kerr [91] and Kerr-AdS black holes [93] . More precise analysis can be conducted using numerical methods in relativity [94] [95] [96] . In this case, the waveform of the gravitational radiation can be investigated for different initial conditions [97] [98] [99] [100] [101] [102] [103] [104] .
In this study, we investigated the upper limit of the gravitational radiation released due to the collision of two dilatonic black holes through the Gauss-Bonnet term. During the collision process, the energy of the black hole system will be released as radiation. Most of the radiation energy originates from the mass of the system, and the rest comes from various interactions between the black holes. There are many interactions, such as angular momentum and Maxwell charge interactions, that can contribute to the emitted radiation. The dilaton field is also one means through which black holes can interact. To an asymptotic observer, the dilaton charge, which is a secondary hair, is included in the mass of the black hole, so it acts as a mass distribution similar to a dust distribution around the black hole. Although the dilaton field is not observed in our universe, information about the behaviors of dust-like mass distributions in black hole collisions can be obtained. However, in Einstein gravity, a black hole cannot be coupled with a scalar field due to the no-hair theorem. Thus, the extent to which a scalar field can contribute to radiation is not well studied. For this reason, using a black hole solution coupled with a dilaton field through the Gauss-Bonnet term, the contribution of the dilaton field to the radiation can be determined. There are differences between dilatonic and Schwarzschild black holes, based on which the radiation of a dilatonic black hole can be distinguished from that of a Schwarzschild black hole. Therefore, we will show in this report that the dilaton field sufficiently affects the gravitational radiation released due to the collision of two black holes coupled with a dilaton hair through the Gauss-Bonnet term. This paper is organized as follows. In section 2, we review the concept of dilatonic black holes, which can be numerically obtained from the equations of motion in Einstein gravity coupled with a dilaton field through the Gauss-Bonnet term. In addition, the behaviors of dilatonic black hole for given parameters are introduced. In section 3, we demonstrate how the upper limit of the gravitational radiation that is thermally allowed can be obtained and employ it to illustrate the differences between dilatonic black holes and black holes in Einstein gravity. In particular, we consider the contribution of the dilaton hair, since the limit is clearly different and distinguishable from that of a Schwarzschild black hole. We also discuss our results along with those of the LIGO experiment. In section 4, we briefly summarize our results.
Dilatonic Black Holes with Gauss-Bonnet Term
A dilatonic black hole is a four-dimensional solution to the Einstein dilaton theory with the Gauss-Bonnet term given by [27] [28] [29] [30] . The dilaton field is coupled with the Gauss-Bonnet term in the Lagrangian
where the spacetime curvature and dilaton field are denoted as R and φ, respectively. The Einstein constant κ = 8πG is set equal to unity for simplicity. The Gauss-Bonnet term is R
and is coupled with a function of the dilaton field, f (φ) = αe γφ . The dilaton field is a secondary hair whose source is the mass of the conserved charge of the black hole. The dilaton hair appears as an element coupled with the Gauss-Bonnet term. The dilaton field equation and Einstein equations can be obtained from Eq. (1) and are as follows:
in which the GB term contributes to the energy-momentum tensor T GB µν [105] . Then,
where only the nonminimally coupled terms in four-dimensional spacetime are presented in [106] .
A dilatonic black hole is a spherically symmetric and asymptotically flat solution for which the ansatz is given as [27] [28] [29] [30] 
where the metric exponents X and Y only depend on the radial coordinate r. Then, the dilaton field equation is
and the (tt), (rr), and (θθ) components of Einstein's equations are
By taking the derivative of Eq. (8) with respect to r, Y ′ can be eliminated from the equations of motion. The remaining equations of motion can be written as ordinary coupled differential equations:
where N 1 , N 2 , and D are only functions of X ′ , Y , φ, and φ ′ . The detailed expressions for these functions are given in Appendix A. The Gauss-Bonnet term is topological term in four-dimensional spacetime, so it cannot affect the equations of motion without the term f (φ) of the dilaton field. This idea can be easily shown by setting to φ = 0, where the dilaton field is turned off, so that f (φ) = α. However, the Gauss-Bonnet term still exists in Eq. (1). Then, the dilaton field equation vanishes, and the equations of motion from Eqs. (7) to (9) are reduced to
which are equations of motion for Einstein's gravity, G µν = 0. Hence, without the dilaton field, the effect of the Gauss-Bonnet term vanishes from the equations of motion.
The solution for a dilatonic black hole can be obtained by numerically solving Eq. (10). The numerical solution will be found from the outer horizon to infinity, so an initial condition at the outer horizon where the coordinate singularity is located is required. To determine the initial condition for the differential equations, it is necessary to investigate the behavior of a dilatonic black hole in the near-horizon region r h . For the corresponding parameters at the horizon, the subscript h is used. At the outer horizon, the metric should satisfy the relation g rr (r h ) = ∞ or g rr = 0. The metric components can be expanded in the near-horizon limit as
To check the divergence of e Y (r) at the outer horizon, e Y can be obtained using Eq. (8):
where the positive root has been chosen to form the horizon. From Eq. (15), e Y (r) has the same divergence of X ′ (r). Furthermore, the plus sign was chosen in Eq. (15) to obtain the positive definition of e Y (r) in the limit of X ′ going to the infinity at the outer horizon. The initial value of e Y (r h ) can be determined based on the values of other fields, such as X ′ (r h ), φ h , and φ ′ h . To obtain a general solution, it is necessary to assume that φ h and φ ′ h are finite and that X ′ tends to infinity when r approaches the horizon as a result of Eq. (15) . By considering series expansion up to 1/X ′ near the horizon, Eq. (15) becomes
in which the leading term is X ′ . To obtain detailed forms of X ′ (r h ), φ h , and φ ′ h , Eq. (10) can be expanded at the near-horizon limit after inserting Eq. (16) . Then, the leading terms of Eq. (10) are
For φ ′′ h to be finite, the factor (r 3 φ ′ + 12αγe γφ + 4r 2 αγe γφ φ ′2 ) in Eq. (17) must be assumed to be zero, which simplifies Eqs. (17) and (18) to
where the coefficient in front of X ′2 goes to unity at the near-horizon limit. Now, the differential equations can be solved to obtain the function X ′ = x 1 /(r − r h ) + O(1) at the near-horizon limit, fixing the coefficient x 1 to unity as the initial condition. Furthermore, φ h and φ ′ h are related at the horizon r h by the condition for φ ′′ h being finite, which is
where φ ′ h can be determined by setting r h and φ h . Then, in the choice of r h and φ h , φ ′ should be real. Hence, from Eq. (20) , possible values of φ h should satisfy
in which all values of φ can solve Eq. (10). The solution for the black hole should satisfy specific X(r), Y (r), and φ(r) boundary conditions. In the asymptotic region, r ≫ 1, the flatness of the spacetime is ensured by the form of the metric [27] [28] [29] [30] 
where M and Q denote the ADM mass and dilaton charge of the dilatonic black hole. Note that the asymptotic form of the dilaton field is proportional to 1/r. This form is different from the logarithmic forms of dilaton fields in other models such as [38, 108, 109] , where there is no Gauss-Bonnet term. The form of the dilaton field will depend on the existence of the Gauss-Bonnet term and choice of the metric ansatz. α and γ are fixed to obtain the dilatonic black hole solution. In this case, each value of r h gives a range of φ h satisfying Eq. (21) . A solution can then be obtained for any initial value set (r h , φ h ). However, the dilaton field of the real solution is zero in the asymptotic region, as shown in Eq. (24) . The real dilaton solution is the only one for given a set (α, γ, r h ). With (φ h , r h ), φ is introduced to avoid the initial singularity from Eq. (19) . Since the initial value of e Y (r) can be obtained from Eq. (15), the initial conditions for the equations of motion are only
To find the dilatonic black hole solution, we used one of the Runge-Kutta methods with a specific parameter set, the Dormand-Prince method. The equations of motion are solved from r h + ǫ to r max = 10 6 , which was considered to be infinity. After the equations are solved, we obtained numerical functions for X ′ (r), Y (t), and φ(r). Then, the numerical form of X(r) can be obtained by numerical integration of X(r) with respect to r from r h + ǫ to r max . The ADM masses M are obtained by fitting Eq. (22) to the solution. The dilatonic black hole solutions are obtained for given values of γ as shown in Fig. 1 , which are the same as the dilatonic black hole solutions reported previously [27] [28] [29] [30] . The mass of the dilatonic black hole M increases as r h increases. This increase is evident because the mass inside the horizon is proportional to its length in Eq. (26) . However, for a small horizon, the mass of the black hole is bounded at the minimum mass M min and is two-valued for a given horizon, as shown in Fig. 1 (a) and (b) , which is an important cause of the interesting behavior of the upper limit of the gravitational radiation. The effect of the dilaton hair becomes important in a black hole with a small mass, which has less gravity than a black hole with a greater mass. This effect originates from the small mass of the black hole having a long hair. Hence, the behavior depends on the coupling γ and disappears for values less than γ = 1.29859, as shown in Fig. 1 (c) . The overall behavior of the metric component is shown in Fig. 2 (a) , where the solution can be recognized as that of a Schwarzschild black hole coupled with a dilaton hair. As the mass of the dilatonic black hole increases, the black hole more closely approximates a Schwarzschild black hole, so the effect of the dilaton hair becomes a smaller for more massive dilatonic black holes. In the solution shown in Fig. 2 , the large r h becomes a black hole for a small value of the dilaton hair strength φ h . Then, in the asymptotic region, φ h vanishes, as can be chosen by selecting an appropriate solution to the equations of motion. , where the mass function M (r) is the mass inside a sphere of radius r, the mass function should satisfy the boundary conditions,
which implies that the ADM mass consists of two contributions, one each from inside and outside the outer horizon. The mass inside the dilatonic black hole is the same as that of a Schwarzschild black hole. Hence, we call it the Schwarzschild mass M BH = r h 2 . Since the dilaton field is only one component outside the horizon, the difference between M and M BH is the mass contribution of the dilaton hair stretched outside of the black hole. Therefore, this difference can be set equal to M d . Then, the mass of the dilatonic black hole can be written as [107] ,
Thus, because the mass of the dilatonic black hole is an arithmetic sum of two contributions, it can be treated separately.
In this work, the analysis focuses on the thermal upper bound of the radiation in which the entropy of the black hole plays an important role. The entropy of a dilatonic black hole is given by [28] 
where the first term is the contribution of the horizon area of the black hole similar to the Bekenstein-Hawking entropy, and the second term is the correction to the Gauss-Bonnet term. The entropy has two limits related to parameters of the black hole solution. In the limit in which α tends to zero, the Gauss-Bonnet term is removed from the action Eq. (1). According to the no-hair theorem, the metric becomes that of a Schwarzschild black hole in Einstein gravity, and then the area term only remains in Eq. (28) . The other limit is that in which γ tends to zero. In this limit, φ h is negligible in Eq. (28), and the action becomes that of Einstein gravity coupled with the Gauss-Bonnet term in which there is no dilaton hair. Although the Gauss-Bonnet term still exists, the metric is the same as that of a Schwarzschild black hole, but the entropy is given by
which has a constant contribution from the Gauss-Bonnet term. This feature caused difficulties in this analysis, which will be discussed in the following section. Therefore, we expect that the effect of the dilaton hair nontrivially appears in the gravitational radiation between dilatonic black holes. In addition, the radiation includes the energy from the dilaton hair released in the process.
Upper Limit of Radiation under Collision of Dilatonic Black Holes
To find the upper limit of the gravitational radiation released in a dilatonic black hole collision, we define the initial and final states of the process. Then, the limit is obtained using thermodynamic preference between states, and the effect of the dilaton hair in the collisions is determined.
Analytical Approach to the Collision
We consider the initial state to be one with two dilaton black holes separated far from each other in flat spacetime. Hence, the interactions between them are considered to be negligible. In the initial state, one black hole is defined as having mass M 1 , horizon r 1 , and dilaton field strength φ 1 , while the other had M 2 , r 2 , and φ 2 . The total mass of the dilaton black hole M tot includes the contribution of the dilaton field determined by φ 1 and φ 2 , making the total mass of the initial state
In the final state, we consider the two black holes to merge into a dilatonic black hole with gravitational radiation released in the process. The energy M r released as radiation is defined by denoting the final black hole parameters as M f , r f , and φ f . In this situation, the conservation of the total mass of the final state can be expressed as
where the minimum mass of the final black hole can be obtained from the inequality of the entropies of the initial and final black holes, A initial and A f inal , respectively. The horizon area of the final black hole should be larger than the sum of the areas of the initial black holes according to the second law of thermodynamics [87, 91] . Then,
where the entropies of radiation and turbulence have been assumed to be negligible, since the entropy of the radiation is less than that of the black holes and is very small in actual observations [87] . In actual observations, the radiation is about 5% [1] [2] [3] , so the contributions to the entropies of radiation and turbulence can be assumed to be sufficiently small compared with those of black holes in the initial state. The minimum value of the horizon r f,min can be obtained from the equality in Eq. (32) . At r f,min , the mass of the final black hole is also a minimum, M f,min . With this minimum mass, the radiation energy is the maximum of M rad , which is the upper limit of the radiation from Eq. (eq:radmass). Therefore, the limit can be expressed as
where the masses depend on r 1 and r 2 , as shown in Fig. 1 , so their behaviors are nonlinear.
Since a solution for two interacting dilatonic black holes remains to be obtained in the action in Eq. (1), it is necessary to assume the form of the entropy correction in two dilatonic black holes to describe the increase in entropy between the initial and final states. We focus on the correction term in Eq. (28), which is from the Gauss-Bonnet term of the action in Eq. (1). Hence, we assume the entropy correction to be the same in the initial and final states, causing the corrections to cancel each other. Therefore, the inequality in Eq. (32) can be reduced to the area theorem of black holes, because the correction term results from the Gauss-Bonnet term in the action in Eq. (32) . This assumption also gives consistent results for arbitrary values of γ, both zero and nonzero.
At γ = 0, the action of Eq. (1) becomes the Einstein gravity coupled with the Gauss-Bonnet term. As a topological term, the Gauss-Bonnet term does not change the equations of motion, because it is removed as a total derivative term in the equations of motion, so it cannot affect the dynamics. However, the entropy in Eq. (29) has a constant correction term, so it gives different results from Einstein gravity for radiation released during collisions. This difference originates from the definition of the initial state. Irrespective of how far the black holes are from each other, the initial black holes are to be just one solution of the action (1), so the correction term can also be considered once. Then, the entropy increase that occurs due to the collision can be expressed as
which gives the same result as the Einstein gravity. If we consider the correction twice, it may be the result obtained by summing up two different action at γ = 0.
where the indices 1 and 2 indicate the first and second black holes, respectively. Because the Lagrangians L 1 and L 2 have Schwarzschild black hole solutions and correction terms, the sum of their entropies is twice that of the value −16απ. However, this result is the sum of black hole entropies existing in two different spacetimes 1 and 2, hence this case can be ruled out. In the solution for a single black hole system, the action would be from Eq. (1)
where two black holes far from each other should be a solution to Eq. (36) . Thus, the contribution of the GaussBonnet term may be added once to the total entropy. In addition, this is consistent with Einstein gravity, both with and without the Gauss-Bonnet term.
If this assumption is generalized to γ = 0, the correction term may be essentially the same in the initial and final states for consistency with the γ = 0 case. Since the black hole solution depends on r h , the initial and final black hole entropies can be expressed as an inequality:
For the γ = 0 case, as lim γ− > 0, c i and −16απe γφ f should converge to −16απ. Furthermore, in the massive limit, r 1 , r 2 ≫ 1, a dilatonic black hole tends to a Schwarzschild black hole. In this case, c i and −16απe γφ f should also converge to −16απ. The exact values of the corrections c i remain unknown, but they might be coincident with each other in these limits. We then checked whether c i can be approximately equal to −16απe γφ f . As r h increases, φ h rapidly decreases, as shown in Fig. 1 , so an asymptotic observer can observe that the dilaton mass M d is slightly greater in the initial state than in the final state since M d is proportional to φ h . However, the areas of the initial black holes can be stretched by each other, so these two opposing contributions can be expected to cancel each other. Thus, it can be assumed that c i ≈ −16απe γφ f , which is consistent with the γ = 0 or M ≫ 1 case. This result is expected based on our assumption, and the exact value must be calculated, which will be done in further work. The contributions of the correction terms cancel out in Eq. (37), yielding Eq. (32). Using Eq. (32), the limiting mass of the final black hole whose horizon is
which can be obtained, and the limiting amount of radiation will be released when the final black hole is synthesized with the minimum mass given by Eq. (31). The dilaton field strength of the final black hole satisfies
where a real black hole solution satisfying the boundary condition in the asymptotic region, lim r→∞ φ(r) = 0, should be found. The difference between the masses of the initial and final black holes is the released radiation energy. The maximum radiation released in the given conditions is the upper limit that is thermodynamically allowed. The detailed behavior of the radiation will depend on parameters such as the horizon and dilaton field strength, as illustrated in the following sections.
Upper Limit of Radiation with Dilaton Field
The upper limit of the gravitational radiation released by dilatonic black holes with the Gauss-Bonnet term is dependent on the masses and dilaton field strengths of the black holes. For a black hole with a large mass, the minimum horizon of the final black hole is given by Eq. (38) and is proportional to its minimum mass. As its mass increases, the limit of the radiation also increases, as shown in Fig. 3 (a) , which depicts the relation between the mass of the first black hole M 1 and the limit of the radiation energy when the parameters of the second black hole are fixed as follows: r 2 = 2, M 2 = 1.013263, and φ 2 = 0.19192. Note that these values are the same from Figs. 3 to 6. The radiation energy includes the contribution from the dilaton hair, so the limit of the radiation from a dilatonic black hole is greater than that from a Schwarzschild black hole. However, in a dilatonic black hole with a small mass, the limit of the radiation begins at M min for the first black hole, which has the minimum value in M rad . This limiting value results from the solution for a dilatonic black hole with the minimum mass M min , which is shown in Fig. 1 . Hence, diatonic black holes exhibit behaviors very different from those of Schwarzschild black holes. In Fig. 3 (a) , the limit for a dilatonic black hole begins at M min for the first black hole, because the black hole solution does not exist for small values of r h in Fig. 1 . In addition, the limit of radiation has a minimum value and a discontinuity at M h,min , as shown in Fig. 3 (b) , since the black hole solution has a minimum value and two solutions for a given mass M , as shown in Fig. 1 . Since the mass of the final black hole has a value in the range of r 2 1 + r 2 2 , which is sufficiently large compared to the range containing the two solution values, the limit of the radiation depends on the behaviors of M 1 (r 1 ) rather than M f,min . In the range of the two solutions, the mass of the first black hole M 1 is large at r 1,min , the smallest radius, so M rad becomes large, as shown in Fig. 3 (b) . For a given mass M 1 ,
where the equality is satisfied for small γ. Hence, the radiation limit has a discontinuity at M h,min in the range of the two solutions. The thermally allowed upper limit of the radiation is represented by the black line in Fig. 3 (b) . M h,min depends on γ in the range of the two solutions, as shown in Fig. 4 . For large γ, the discontinuity persists, as shown in Fig. 4 (a) , but it approximates the minimum value of M 1 for small γ. Finally, for γ = 1.29859, the points overlap with each other, and there is no discontinuous upper limit, as shown in Fig. 4 (b) , which has been observed for dilatonic black holes but not Schwarzschild black holes.
The mass of a dilatonic black hole, such as M 1 , M 2 , or M f , includes the dilaton mass. Hence, M rad also includes a contribution from the dilaton hair. Therefore, the mass of the dilaton hair that can be released due to the collision can be determined. The mass of the black hole can be expressed in terms of its own mass M BH and the dilaton mass M d . M BH is half of r h from Eq. (28):
Therefore, the energy of the dilaton hair released as radiation M d,rad can be obtained as shown in Fig. 5 . The overall behavior of the upper limit of the dilaton hair radiation is presented in Fig. 5 (a) . Since the mass of the hair in the dilatonic black hole is very small, the dilaton hair released due to radiation is also very small compared to the total mass of the initial state. As the mass of the black hole increases, the dilatonic black hole approximates a Schwarzschild black hole. Therefore, the dilaton contribution to the radiation is large when the mass of the initial state is small. The dilaton contribution to the radiation is the largest at M h,min and starts at the minimum mass M min , as shown in Fig 3. The point of discontinuity disappears for small values of γ. This is also identical to the limit of the radiation. In addition, throughout the process, most of the dilaton hair is released, as shown in Fig. 5 (b) , which shows the ratio of the dilaton contribution to the radiation to the dilaton mass of the initial black hole,
This ratio is approximately 90%. Hence, most of the dilaton hair in the initial state is radiated out during the collision process. Due to the dilaton effect, the radiation limit still has a point of discontinuity M h,min , but M d,rad (%), which is close to 100% in a massive black hole, has no maximum. As the mass increases, a dilatonic black hole more closely approximates a Schwarzschild black hole, so the abovementioned ratio becomes small for a massive final black hole. If the dilatonic black hole is massive, the dilaton hair is also released in larger quantities, which results in the increases shown in Fig. 5 (b) . Therefore, since the mass of the dilatonic black hole increases due to the collision, the final black hole is similar to a Schwarzschild black hole, and no dilaton hair can be detected.
Notes on GW150914 and GW151226
The radiation released with respect to the total mass of the initial state can be obtained and divided into two parts as
where the first term is the contribution of the black hole mass, and the second term is that of the dilaton hair. The mass released due to gravitational radiation is thermally limited at approximately 30% of the total mass of the initial state, as shown in Fig. 6 . Most of the radiation is from the black hole mass shown in blue. However, Figure 6 : The upper limit of the radiation under the collision in α = 1/16 and γ = √ 2. The total energy of the radiation is a black line, and the radiated energy from the mass of inside of the horizon is given as a blue line. a dilaton black hole has a contribution from the dilaton hair, which is given by the contribution of the dilaton hair less than 10% of the upper limit of the total radiation shown in red in Fig. 6 . The ratio of the contribution of the dilaton hair to the total mass of the initial black holes is larger when the mass is smaller, which can be seen from the solution of the black hole.
If these results are applied to GW150914 and GW121226, which were detected by LIGO [1, 2] , the upper limit is consistent with the experimental observation. GW150914 was generated by the merger of two black holes with masses of 39M ⊙ and 32M ⊙ in a detector frame considered with a redshift z = 0.09 [110, 111] . The final state is a black hole with a mass of 68M ⊙ and a 3M ⊙ gravitational wave. In this case, the radiation is approximately 4% of the total mass of the initial state. In a similar way, for GW151226, the radiation is also approximately 4% of the total mass. Therefore, the ratios obtained for the gravitational waves detected by LIGO are near the upper limit of the radiation obtained from the thermodynamics calculations. If the ratio of the dilaton hair is assumed to be the same in both the upper limit and detection, the contribution of the dilation hair can comprise up to approximately 10% of the radiation, so that the real contribution is 0.4% of the total amount of radiation, which is significant considering that the radiation energies are 0.3M ⊙ for GW150914 and 0.1M ⊙ for GW151226, since the masses are in units of solar mass. However, this is based on the maximum ratio, so the exact contribution may be much less than 10%.
Summary
We investigated the upper limit of the gravitational radiation released in a dilaton black hole collision using the Gauss-Bonnet term. The solutions for dilatonic black holes were obtained numerically. In the solution, the total mass consists of the black hole and dilaton hair masses. As the black hole horizon becomes larger, the total mass increases, but there are two black hole solutions for a given radius r h when smaller masses are involved. This feature plays an important role in radiation emission. To determine the upper limit of the radiation that is thermally allowed, we assumed the dilatonic black holes to be far apart from one another and a head-on collision between them to produce the final black hole. The mass difference between the initial and final black holes was determined based on the energy of the gravitational radiation. Since such collisions are irreversible, the entropy of the final black hole should be larger than that of the initial state. In addition, we assumed the correction terms in the entropies to cancel each other in the initial and final states, because such collisions occur in one spacetime and each correction term can be expected to contribute the same value on both sides. Using this thermal preference, the upper limit of the radiation energy in the collision can be obtained.
The upper limit is larger than that of a Schwarzschild black hole, since the radiation includes not only the mass of the black hole, but also its dilaton hair. The upper limit starts at the minimum black hole mass and is proportional to the black hole mass; however, when the mass is small, a point of discontinuity originates from the two solutions for a given mass. The point of discontinuity depends on γ and vanishes for γ < 1.29859. Due to the collision, the dilaton hair can be radiated out. Most of the mass from the dilaton hair in the initial state, approximately 90% of the initial hair mass, is released, so the final black hole has a very small amount of hair compared with the initial one. In the total mass of the initial state, the upper limit of the radiation is approximately 30%, and the radiation of the dilaton hair contributes a maximum of 10% to the initial mass. Therefore, the hair contribution should be considered in gravitational radiation. We also discussed the possible mass of the hair radiated out, such as in GW150914 and GW151226 detected by LIGO.
